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Scattering parameters for lumped-elements filters

. 2-port
1. | network

-

For linear, lumped-element networks the scattering
parameters can be always represented as a polynomial
ratio of the complex frequency p (p=o+ Jo,With w=27r1):

_ Ny (p) _ < _Ny(p) _ Ny, (p)
11 ’ S21 o S12 o , S22 o
D(p) D(p) D(p)
Roots of N,, (N,,) : reflection zeros
Roots of N,, : transmission zeros
Roots of D : poles (natural frequencies)

The above polynomials are called characteristic polynomials



Properties of lossless networks

For synthesis purposes the 2-port network representing a
filter is assumed lossless (i.e. composed by lossless elements)

The scattering matrix of a lossless network is unitary:
Sll(p)-Sll(p)*+821(p)-821(p)* =1

S-§*=U2 ) 822(p)'822(p)*+812(p)'512(p)*:1
Sll(p)-Sm(p)*+812(p)-822(p)* =0

As a consequence, the following properties hold for the

polynomials defining the scattering parameters (n is the
filter order):

Nll(p) = N(p), sz(p) = (_1)n N(p)*
N(p)-N(p)" + N, (p)-N,(p) =D(p)-D (p)

The latter expression is known as Feldtkeller equation



Properties of characteristic polynomials

a The * define the para-conjugate operator: Q(p)=Q'(-p).
The roots of Q(p) are given by -zQ* (with zQ roots of Q)

a The roots of D(p) are real or complex conjugate pairs.
The real part must be negative (strict Hurwitz
polynomial)

o The roots of N(p) can be everywhere in the complex

plane (if complex they occur as conjugate pairs). If they
are on the imaginary axis N,,(p)=N(p)

a The roots of N,,(p) can be on the imaginary axis
(conjugate pair) or on the real axis (pairs with opposite
values) or as a complex quad in the p plane

o The coefficients of all the polynomials are real numbers.
Note that Q(p)'=Q(-p) in this case.



Steps of the synthesis process

o Assignment of selectivity specifications (Attenuation
mask)

o Selection of a suitable approximating function and
evaluation of its parameters in order to satisfy the
specifications

o Evaluation of the characteristic polynomials from the
approximating function

o Synthesis of the network from the polynomials



Simplify synthesis by frequency transformations

o In order to simplify the design process, the synthesis
can be performed in a normalized low-pass domain,
analytically defined by frequency transformations.

o By selecting a suitable frequency transformation, the
synthesis can be carried out in the normalized domain




Low-pass €-> Band-pass transformation

Let be s=2%j the normalized low-pass domain where

the filter passband is defined Qgz=-1<>+1.
The following equation relates the normalized domain

with a pass-band domain suitably defined:

o fof P, T
BLT, P

fo and B are the frequency parameters defining the
transformation:

fo=yfu fo2r B=f,—f,

The order of characteristic polynomials in the normalized
domain is half of the order in the bandpass domain



Properties of the transformation (imaginary axis)

For s=j(2 and p=j2xf it has

o T f_ %
Bl f, f

(X 1, 0 1 :
Q
fs1 fp1 fo fpz st f(>0)
1:pl ) 1:p2 = 1:sl' fsz = 1:02



Conservation of response: A(jQQ)=A(jo)
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Circuital property of the transformation:

Low pass

9c

——

Y=s0g,

gL

=50,

[ P T
B\f, p
>

Conservationof Zand Y

Band pass

€q




Synthesis in the transformed frequency domain

The synthesized network is then de-normalized to the
band-pass frequency domain exploiting the circuit

transformation seen before:

Requirements in
Specifications ‘ the normalized
domain

—

Replacement of L
with series resonator
and C with shunt
resonator

Synthesis in the
transformed
domain

i

Passband
De-normalization




the low-pass domain

Specifications in

///AF




Approximation of the ideal Lowpass response

General expression for attenuation in the normalized
domain:

2 2 2
AQ) =1+ 572 () = - LSl +Sul _ 18ul
‘821‘ ‘821‘ Sa
2
1 s
C’(Q)=— |
n( ) 8’2 821

C, is called Characteristic Function and defines the
approximation of ideal filter response

Properties:
-1<C <1 for -1<Q<1
|C,|=1 for Q=+1

A(+1)=1+£2



Parameters &’ and n

Evaluation of &’: n

S, | 10
2 ‘11‘max _ 10

A = = =1+¢&"” = %= =
‘S l—‘S 2 1_‘811‘;&( 1_10_%

21, min 11, max

RL is the Return Loss defined as: RL = —20-|09(\311‘max)

The parameter n represents the order of the characteristic
function and corresponds to the number of resonators in
the de-normalized network. n is derived from:

A(Qs)=1+£"C;(Q5)2 A, = 05(93)2%

In general there are two pairs (A, £2;) and (A, ;,,, 2,) to
be considered (the pair determining the largest n must be

selected)



The characteristic function in s domain

Being s=j,it has:
analytic continuation

an (Q):Cn(jg)'cn (_jQ) = Cr?(s):Cn (S)'Cn (_S):Cn (S)'C:(S)

C,(s) is an analytic function which can be in general
expressed as the ratio of two monic polynomials:

1S.(s) 1 F(s)
C.(8)=7 S, (s) & P(s)/e

The roots of F(s) are the reflection zeros (A=1). The
roots of P(s) are the complex frequencies at which the
attenuation becomes infinity (transmission zeros).

If P(s)=1 it has an all-pole characteristic function
(Attenuation is infinite only for s=«)




Characteristic polynomials in s domain

From the last expression of C,(s) the definition of the
scattering parameters in s domain can be derived (all
polynomials are monic):

5, (s)=28) g _POVe
OB T E)

Note that once F(s) and P(s) are known, E(s) is obtained
by applying the unitary condition of S matrix:

5_12 P(s)-P(-s)+| F(s)-F(-s)]=E(s)-E(-s)

E(s) is found from the roots with negative real part of right-
hand side (Hurwitz polynomial)



All-pole characteristic functions (P=cost)

o Butterworth function:
C.(Q)=0Q"

Main property: maximum flatness for Q=0, monotonic
for |Q2|>0

o Chebycheff function:

cos(n-cos™(Q)) 0Of<1
C,(Q)=
cosh(n-cosh™(Q2))  |Q>1

Main property: oscillates between +1 for |Q|<1 (n peaks),
increases monotonically for |Q[>1



Comparison between Butterworth and Chebicheff
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Attenuation of Chebycheff function is 6(n-1) dB larger than
Butterworth function for |Q2|>>1



Evaluation of € and n

o Assigned parameters:
Passband Return Loss in dB (RL)
Filter bandwidth (B) and center frequency (f,)
- Minimum attenuation (dB) in stopband (A, at £, or A_., at (X,)

Evaluation of &' = L with T 10" (R/20)
Butterworth
> max{| ot RL Avi characteristic
20log (2 20 Iog Q.,

1S max ( A..+RL+6 ) A.,+RL+6 ) Chebycheff
20log(Qg,)+6 ) { 20log(Q,)+6 characteristic



Normalized low-pass prototype (all-pole)

o Ladder network synthesized in the normalized domain
assuming unitary reference load (generator side):

13 ., ITQ I-|-93 _.“— T, 2 Lowpass j

Bandpass Rmc"(i% L1c—‘? L c

Bandpass de-normalization:
g,, g3, ... 2 shunt resonators with C,=g,/(R,27B)

g,, 84, ... = Series resonators with L,=R g,/ (22B)



Synthesis of lowpass prototype

o Butterworth characteristic

20 -1
r =1, gq:2an/?, aq:sin((q )ﬂ)

2N

o Chebycheff characteristic
=1 (nodd), r,= [\/l+ &’ —E'T (n even)

da_ . -a 20-1
glzﬁ’ gy = ¢ 9 aq:sin(( g )ﬂj
7/ bq—1°gq—1 2n

/ 12
y:sinh[lln£ e +1n, bq:y2+sin2(q—ﬂj
2n 1+¢&” -1 n

12 T T




De-normalized (bandpass) network with only
series or shunt resonators

For microwave frequencies implementation is requested to
have only one type of resonator (series or shunt). This is
obtained with the introduction of impedance (admittance)

inverters

L c!‘r l-sz ng I-'l- ':s

—q—] 5] 1 = — _!'ﬂ'g'\.._l
Kor| l__'{lz ' K2a }_K .
Rn

Wl

5 ..Im é_i__\_ ‘Tm cé('_“_'_l.. Jzz _______ Jn,ﬂ*" Gn
P 1| [loe 1 Ces| | Len Pl



General design equation

Introduction of inverter determines additional degrees of
freedom which allows the arbitrary assignments of some
parameters (inverters or resonators parametery).

The condition to be satisfied are expressed by the

following equations:

Series Network Shunt Network

K, = B % R Jor :\/B e G,
N fo 0 o G
B |w, Ls,q oN |_S’qJrl ] _ B a)OCs,q ) a)OCs,q+l
Kq,q+1 = f . q,q+1 f g . g
0 94 Y 0 q Ja+l

The bandpass network is assumed symmetric respect
the central inverter (n even) or resonator (n odd)



Universal coupling parameters

Coupling coefficient:

y Kg.ge J

_ _ ,0+1 _B \/ 1
aq+l T T
e \/a)o Ls,q Wy Ls,q+1 \/wOCs,q ) a)OCs,q+1 fO gq . gq+1

External Q:
. a)OLs,l . a)OCs,l . gl
Qc

B KOzl/Ri B ‘]021/61 B B/ fO

o, L, . = Equivalent reactance of series resonators
«,C, = Equivalent susceptance of shunt resonators



In-line filters with all-equal resonators

Log o

RO Leq’ 1:0

Hem-
g Koz Ky

eq!

e

LGQ’ f0 Leq’ 1Eo
HEm-- -

Kn,n+1

From the general design equations:

Kq,q+1 - kq’q+1 ‘(600 LGOI) KOl = Kn,n+1 B \/
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—h
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q,9+1
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Ago/ 2 Waveguide resonators coupled with inductive

reactances
Moo/ 2

Leq’ fO O - O L T 7 ( g0 jz

= ), e - .

_|eIYYY\_ ‘ Zc=1 0 eq — 5 “C A
o O

(I)q,q+1/2 (I)q,q+1/2 X _ (Kq,qﬂ/zc)
| O O 9,9+l K 2

. 1-| 29

‘ /c=1 JXgqq+1 £C=1 ( Z. ]

o O ¢ ..= —tan‘l(qu,qﬂ)
L, L, L,




Inductive reactances in rectangular waveguide

o Iris with finite thickness

6 (°) 6 (°)

O O
B Zc=1 g iXs  Zc=1
O O

Equivalent circuit (reference
sections: symmetry axis)

o]
AN

. S :
Jo— =777, eXp(_125):(812_811)

S,1, 54 SCattering parameters (computed
numerically with EM simulators)



Evaluation of iris equivalent parameters

0.4 2
Electrical |_>
Length &
0.3 1.625
............................... NF
- (=)
(D]
=
X 02 1.25 p
) T S oS S ©
A o
0.1 0.875
Reactance x :
0 \;v 05
10 12.5 15 175 =%20 225 25
W (mm)

e With the previous formulas, the curves of x and 6 vs. W are drawn
(see the graph above).

o For the required value X the aperture W is first obtained through the
blue curve. The corresponding electrical length § is derived from the
red curve



Filter dimensioning

< L’1 >« L’Z > < L’n >
me W12W WZ?’% ﬁwn 1,n v VVn n+1 a

The apertures W, ;,, are evaluated as explained in
the previous slide from the K; ;..

The separation of the iris are obtained from the lengths
L, corrected with the irises parameters &

, 1
L =L _ﬂ_(5q—1,q +5q,q+1)

g0

q,q+1°



Example of design

Specifications:

f,=4 GHz, B=40 MHz

Return Loss in passband >26 dB
A., > 45 dB for f>4.05 GHz

A,, > 60 dB for f>3.9 GHz
Chebycheff characteristic

Being f., and f., not geometrically symmetric, the
requested order n of the filter is obtained by selecting
the larger between the following ones:

n > A$1-|—RL-I—6 _55y nZZ A%2+RL+6 — 4.58
" 20log(Q, )+6 20log(€2,,)+6

n=6




Step 1: Evaluation of equivalent circuit param.

Selected waveguide: a=50mm, b=25mm

Waveguide parameters:
Cutoff frequency: f.=v/2a=3 GHz
2

A
A, = & =113.3mm, [ goj = 2.286

Y1) Jo
Prototype normalized coefficients:
g,=10.7919, 1.3649, 1.7002, 1.5379, 1.5089, 0.7163}

Coupling reactances and resonator lengths:

Xq.q+1=10.223, 0.0345, 0.0235, 0.022, 0.0235,0.0345,0.223}
L, ={52.21, 55.56, 55.78, 55.78, 55.56, 52.21}



Filter response (ideal inductive reactance)

Filtro X Ideali
0
-20
-40
3 —DB(|S(1,1)])
{ : Filtro X Ideal
i |—DB(SE2,1)
: : : : : : Filtro X Ideal
-60 S DB(IS(1,1)])
: i i Chebyceff Ideale
----- DB(IS(2,1))
Chebyceff Ideale
-80
395 396 397 398 399 4 4.01 402 403 404 405
Frequency (GHz)

The reactances are assumed constant with f



Step 2: Irises dimensioning

W, q+1=121.31, 10.85, 9.419, 9.213, 9.419, 10.85, 21.31} mm
q.q+1 =10-507, 0.2536, 0.2145, 0.209, 0.2145, 0.2536,0.507 } mm

Corrected lengths of resonators:
L’={51.45, 55.09, 55.36, 55.36, 55.09, 51.45} mm

Example of
fabricated device (4
resonators sample)




Computed filter response (Mode Matching)

Confronto

=—DB(|s(1,1)))
Filtro conlridi

=—DB(IS2,1))
Filtro conlridi

= DB(|S(1,1))
Filtro X Ideal

- +*
-60 =+ DB(S(2,1))
Filtro X Ideal
—DB(|S(1,1))
Chebyceff ldeale
—DB(|S,1))
Chebyceff ldeale

-40

395 39 397 398 3.99 4 401 402 403 404 405
Frequency (GHz)




Broad frequency range response

-50

-100

-150

-200

-250

Waveguide filter

\

Ideal Chebycheff

3.8 4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.5
Frequency (GH2)




Effect of filter bandwidth on accuracy
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Multi-port simulation of the filter

ON o

N

o W

/-

J23
= A

‘J12
=< =

1
Ceq,1’ fO Ceq,2’ fO

1
Ceq,3’ 1:0

Ce 1EO

q.n’

Extraction of matrix Y (EM simulation):
Vi i=IBris,1 > Yiin1=Ii it

1 alm(y,; (o))

0w

D=0y



Extraction of Universal Parameters from Y
matrix

fo.i is the frequency where B; ;=0

1 olm(y,(®))

7
2 0w

0=y

=G, =
‘J021 ’ Re[yn(wo)]

« Jiin _ |m(yi,i+1(wo))

e \/Beq,i ‘B 1 \/8 Im(yi,i (WO)) 0 Im(yj’j (a)O))

0w ow




Example: waveguide filter seen before

Note

A short-circuited waveguide resonator of length A,,/2

observed at the center shows a shunt resonance:

o0/ 2 :| = 20 20/ 4

\

/1
)|
/1

eq

NS
O§)
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ID=WG7 ID=WGB Wi i ID=WGY Wa=amm ID=WG10 mm =WG1L Wa=a mm ID=WG12
Wazamm mm Wazamm
Wb=b mm
w:

b mm
=Wlel= mm
5mm

1= mm
mm -

!
5 L5 m
50

RWG_TEmn
W/GE

RWG_TEmn

ID=WG19
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Who=b

L=Lgl6)2 mm
=1

PORT PORT PORT
P-4 =

Zz=10hm Zz=10hm
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P=6

z=10nm
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RWGIRIS_TE10
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Extracted B, ;

Filtro con Iridi

0.1

0.05

-0.05

L 4
-2-1m(Y(1,1))
Filtro N porte

‘-EI-Im(Y(2,2)) ‘
Filtro N porte

--1m(Y(3,3))
Filtro N porte

3.96

3.97

3.98

3.99 4 4.01
Frequency (GHz)

4.02

4.03

4.04

4.05




Extracted J, ;.4

0.04

0.035

0.03

0.025

0.02

Extracted J

[ O Y B G =

R N - L
WDVDEENDEEES S S aa s s SRR G

A-1m(Y(1,2))
Filtro N porte

= Im(Y(2,3))
Filtro N porte

<-Im(Y(3,4))
Filtro N porte

395 396 397 398 3.99 4 4.01

Frequency (GHz)

402 403 4.04 4.05




Computed Universal Parameters

Y11 = Filtro N porte:Y(1,1)
Y22 = Filtro N porte:Y(2,2)
Y33 = Filtro N porte:Y(3,3)

Y12 = Filtro N porte:Y(1,2)
Y23 = Filtro N porte:Y(2,3)
Y34 = Filtro N porte:Y(3,4)

F=_FREQ*le-6

Bll=imag(Y11l)
B22=imag(Y22)
B33=imag(Y33)

I1=find_index(B11,0)
I2=find_index(B22,0)
I3=find_index(B33,0)

Beql=0.5*der(B11,F)
Beql1=Beq1[I1]*F[I1]

Beqg2=0.5*der(B22,F)
Beq2=B=q2[12]*F[12]

Beq3=0.5*der(B33,F)
Beq3=B=q3[I3]*F[I3]

Qext=Beql/real(Y11[I1])
k12=J12[10]/sqrt(Beq1*Beq2)
k23=J23[10]/sqrt(Beq3*Beq?2)

k34=J34[10]/sqrt(Beq3*Beq3)

J12=imag(Y12)
J23=imag(Y23)
J34=imag(Y34)

F[I1]: 4000
F[12]: 4000
F[13]: 4000

Beql: 3.611

Beg2: 3.59

Beg3: 3.588

1/Qext: 0.01271
k12: 0.00961
k23: 0.006554

k34: 0.006176

10=find_index(F,4000)

Synthesized:
k01=0.01263

k12=0.0096189
k23=0.0065646

k34=0.0061843



